In [3] , R. E. Lane defined an integral which is an extension of the Stieltjes mean sigma integral defined by H. L. Smith [5] . If each of / and g is a real-valued function whose domain includes [α, b] and D -{#*}?«<> is a subdivision of [α, δ] , then S D (f, g ) denotes the sum
ί|[/W + H
The concepts of singular graph, exceptional number and summability set are as in [3] If each of / and g is a real-valued function whose domain includes [α, b] and if there exists a summability set G for / S b fdg is the refinement limit a limit S D (f,g ).
DdG
In case the entire interval [a, b] is a summability set for / and g in b fdg is the Stieltjes mean sigma integral fdg. a By Theorem 4.1 of [2] , if / is quasicontinuous on [a, b] and g is S b fdg exists. (A function / is a said to be quasicontinuous at (c, f(c)) if both f(c +) and f(c -) exist.) DEFINITION 1. The statement that / has bounded slope variation with respect to m over [α, b) means that / is a function whose domain includes [α, 6] , m is a real-valued increasing function on [a, δ] , and there exists a nonnegative number B such that if {#*}?=,(, is a subdivision of [a, b] 
S
The least such number B is called the slope variation of / with respect to m over [a, b] and is denoted by V*(df/dm).
The above sum is nondecreasing with respect to refinements. In [4] , F. Riesz proved that a necessary and sufficient condition 695 that a function F defined on the interval [a, b] be the integral of a function of bounded variation on [α, b] is that F have bounded slope variation with respect to I over [α, 6] , where I is the function defined, for each x, by I(x) = x. In this paper, Riesz's result will be generalized using the Lane integral instead of the Riemann integral. By Lemma 3.3 of [6] , if / has bounded slope variation with respect to m over [a, b] and a ^ c < δ, then from which it follows that
Since m is continuous on the right at (c, m(c)), there exists a positive number <5 2 such that if c<x<c
Therefore / is continuous on the right at (c, f(c)).
If m is continuous on the left at (c, m(c)), a similar argument will show that / is continuous on the left at (c, f(c) Proof. Since / has bounded slope variation with respect to m over [a, b] , D+f(x) exists for each x in [a, b) and D~f(x) exists for each x in (α, 6] . Let E 1 denote the set of all numbers x in [α, b] such that Dmf{%) < D+fix) and let E 2 denote the set of all number x in [α, 6] such
that D~f(x) > Dif(x).
Let all rational numbers be arranged in a sequence r l9 r 2 , r 3 ,
. Then if c is a number in E ι there is a smallest positive integer k such that
D-f{c) <r k < Dif(c) .
There is a smallest positive integer h such that r h < c and for c < x < r Λ . These two inequalities together give 
This involves a contradiction. Therefore no two numbers of E x correspond to the same triad. Since the set of triads of positive integers is countable, it follows that E t is countable. A similar argument will show that E 2 is countable. Therefore E = E λ U E 2 is countable. THEOREM 
// the function m is increasing on [α, δ], each of the functions f and g is continuous on [a, b] and D m f{x) = D m g{x) for each x in [a, b] -H, where H is a countable set, then f(x) = g(x) -Q{Q) + f(a) for each x in [α, δ].
Proof. Let F be the function defined, for each x in [α, δ], by For each n, choose some particular h n satisfying the above conditions. Now consider any number t in [a, c] -Hf) [a, c] . where the first sum is the sum of those terms for which Rι is some h n and the second sum is the sum of those terms for which Ei is some g t . Now Xi^ and x t are in Ri so that [α, 6] , it is necessary and sufficient that F have bounded slope variation with respect to m over [a, δ] .
there is a positive number δ t such that (t -δ t , t •+ δ t ) is a subset of (α, c) and if # is in (t -δ t , t + δ t ) and x Φ t, then

Λx) ~ F(t) m(x) -
12[m(c) -
Proof. It is easy to see that the condition is necessary. Suppose that F has bounded slope variation with respect to m over [a, b] Then F is continuous on [α, 6] . Let / be the function defined, for each x in [α, 6] , by [α, δ] It should be noted that if m = 7, then the Lane integral reduces to the Riemann integral so that Theorem 3 contains Riesz's theorem as a special case.
